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Abstract
We prove that if (X,d) is a metric space, C is a closed subset of X and x ∈ X, then the distance of x to
R ∩ S agrees with the maximum of the distances of x to R and S, for every closed subsets R,S ⊂ C such
that C = R ∪ S, if and only if C is x-boundedly connected.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let X be a metric space and d its distance. Given a point x in X and a subset R of X, the
distance of x to R = ∅ is defined by d(x,R) = inf{d(x,u): u ∈ R} and we set d(x,∅) = ∞.
We are interested in the following problem: given x in X and closed subsets R and S of X, is
the equality
d(x,R ∩ S) = max{d(x,R), d(x,S)} (1)
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d(x,R ∩ S)max{d(x,R), d(x,S)}
is always satisfied. We give the following answer to the above question: given the closed sub-
set C, the equality (1) holds for every closed subsets R and S such that R ∪ S = C if and only if
the subset C is x-boundedly connected (see Definition 1). So the solution depends on the relative
position of x with respect to the union C. Note that if (1) is true, R = ∅ and S = ∅, then we have
that R ∩ S = ∅, hence C is connected.
We observe that, in normed spaces, all convex sets are boundedly connected. We also prove
that in the hyperspace bc(X) of all nonempty bounded and closed subsets of a normed space X,
endowed with the Hausdorff metric, every convex (in a certain sense) class of sets is Z-boundedly
connected for every convex Z ∈ bc(X).
The analogous problem for the union has an easy solution: if (Ri)i∈I is a family of subsets
of X, then
d
(
x,
⋃
i∈I
Ri
)
= inf
i∈I d(x,Ri).
Several authors have considered the problem of determining the distance to the intersection.
A. Hoffmann [4] obtains an upper estimate of the distance of a point to the intersection of two
convex sets. On the other hand, A. Martinón [6] proved that if X is a Banach space and if C is
a convex set, then (1) holds for every x ∈ X; moreover, in the same paper other results were
obtained for metric spaces and for some spaces of subsets of a Banach space endowed with the
Hausdorff metric. Also, J.-E. Martínez-Legaz, A.M. Rubinov and I. Singer have proved in several
papers [5,9–11] the validity of the equality
d
(
x,
⋂
i∈I
Gi
)
= sup
i∈I
d(x,Gi),
for certain families (Gi)i∈I of subsets of Rn and the distance d induced by the ∞-norm. Finally,
G. Chacón, V. Montesinos and A. Octavio [3] have proved that a Banach space X is reflexive if
and only if every decreasing sequence of closed subspaces (Xn)n∈N satisfies that
d
(
x,
⋂
n∈N
Xn
)
= sup
n∈N
d(x,Xn),
for every x ∈ X.
The distance to the intersection of two sets arises in a natural way in different settings. We
can think that the distance of x to the subset R is a “measure of nonmembership” of x to R.
For example, let X = C[0,1] be the Banach space of all continuous functions x : [0,1] → R
endowed with the uniform norm. J. Banas´ and L. Olszowy [2] consider the Hausdorff distances
of the bounded set U ⊂ X to the class K of all relatively compact subsets of X and to the
class I of all “increasing” subsets of X (all the functions in that subset are increasing); note that
d(U,K) is the well-known Hausdorff measure of noncompactness and d(U,I) is a “measure of
nonincrease.” The authors consider d(U,K ∩ I). The results of [2] are used in [1] for proving
the existence of monotone solutions to certain integral equations.
Notation. U(x, ε) is the open ball with center x ∈ X and radius ε > 0; analogously, B(x, ε) is
the closed ball.
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D.E. Wulbert [15] (also L.P. Vlasov [14]) introduced the following concept: a set M ⊂ X is
said to be boundedly connected if its intersection with every open ball is connected. We will
consider the following localized version of this notion:
Definition 1. Let X be a metric space and x ∈ X. A set M ⊂ X is said to be x-boundedly
connected if for every ε > 0 the set M ∩ U(x, ε) is connected.
It is obvious that M is boundedly connected if and only if M is x-boundedly connected for
every x ∈ X. Moreover, it is easy to prove the following result (see Vlasov [14, Proposition 0.5]):
Proposition 2. Let X be a metric space and M ⊂ X. If M is x-boundedly connected for some
x ∈ X, then it is connected.
The next example shows that the converse statement in the above proposition is not true.
Example 3. Let X be an equilateral triangle in the plane (including the interior points and the
sides) endowed with the usual metric and M be the union of its three sides. Clearly M is con-
nected but not x-boundedly connected for any x ∈ X.
The main result of this paper is the next theorem. We will use the following lemma:
Lemma 4. Let X be a metric space, R and S two closed subsets of X and x ∈ X. The following
statements are equivalent:
(i) The equality (1) holds.
(ii) ε > 0, U(x, ε) ∩ R = ∅ and U(x, ε) ∩ S = ∅ ⇒ U(x, ε) ∩ R ∩ S = ∅.
Proof. We write U = U(x, ε).
(i) ⇒ (ii). If there exists ε > 0 such that U ∩ R = ∅, U ∩ S = ∅ and U ∩ R ∩ S = ∅, then
d(x,R) < ε, d(x,S) < ε, but d(x,R ∩ S) ε, hence d(x,R ∩ S) > max{d(x,R), d(x,S)}.
(ii) ⇒ (i). Let ε > max{d(x,R), d(x,S)}. There exist u ∈ R and v ∈ S such that d(x,u) < ε
and d(x, v) < ε, that is, U ∩ R = ∅ and U ∩ S = ∅; hence there exists w ∈ R ∩ S such that
d(x,w) < ε, thus d(x,R ∩ S) < ε. Consequently, d(x,R ∩ S)max{d(x,R), d(x,S)}. 
Theorem 5. Let X be a metric space, C ⊂ X be a closed set and x ∈ X. The following assertions
are equivalent:
(i) C is x-boundedly connected.
(ii) If R and S are closed subsets of X with R ∪ S = C, then the equality (1) holds.
Proof. (i) ⇒ (ii). If R = ∅ or S = ∅, the result is obvious. Assume R = ∅ and S = ∅. Let
ε > max{d(x,R), d(x,S)}. We put U = U(x, ε). Since C∩U is connected, (R∩U)∪ (S∩U) =
C ∩U and the sets R ∩U and S ∩U are nonempty and closed in C ∩U , we obtain R ∩ S ∩U =
(R ∩ U) ∩ (S ∩ U) = ∅. Taking y ∈ R ∩ S ∩ U , we get d(x,R ∩ S)  d(x, y) < ε; since
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proves (1).
(ii) ⇒ (i). Suppose that C is not x-boundedly connected. Then there exists ε > 0 such that
C ∩ U is not connected, with U = U(x, ε). Hence there are closed subsets Rε,Sε ⊂ C such that
Rε ∩ C ∩ U = ∅, Sε ∩ C ∩ U = ∅,
(Rε ∪ Sε) ∩ C ∩ U = C ∩ U, Rε ∩ Sε ∩ C ∩ U = ∅.
Let R = Rε ∪ (C \U) and S = Sε ∪ (C \U). We have that R and S are nonempty closed subsets
of C and satisfy
R ∩ U = Rε ∩ U, S ∩ U = Sε ∩ U, R ∪ S = C.
Moreover, R ∩ S ∩U = Rε ∩ Sε ∩U = ∅. To summarize, we have proved the existence of ε > 0
and two nonempty closed subsets of C, R and S, such that, denoting U = U(x, ε),
R ∩ U = ∅, S ∩ U = ∅, R ∩ S ∩ U = ∅.
From Lemma 4 we obtain that (1) does not hold. 
Corollary 6. A closed set C in a metric space X is boundedly connected if and only if (1) holds
for every x ∈ X and every closed subsets R and S of X with R ∪ S = C.
3. V -connected sets
A notion close to boundedly connected was introduced by Vlasov [14] in the context of
normed linear spaces: a set M ⊂ X is said to be V -connected if its intersection with every closed
ball is connected. By localizing this notion at a point, we give the following definition:
Definition 7. Let X be a metric space and x ∈ X. A set M ⊂ X is said to be x-V -connected if
for every ε > 0 the set M ∩ B(x, ε) is connected.
Obviously, a subset M is V -connected if and only if it is x-V -connected for every x ∈ X.
The relation between the notions of x-V -connectedness and x-boundedly connectedness is
described in the next proposition (see [14, Proposition 0.5]):
Proposition 8. Let X be a metric space, M ⊂ X and x ∈ X. If M is x-V -connected then it is
x-boundedly connected.
The following example shows that the converse of the statement of the preceding proposition
does not hold true.
Example 9. Let X be the subset of R2 (with the usual distance) defined by
X = {(a, b): a  0, b 0} ∖
{
(cos t, sin t):
π
6
< t <
π
3
}
.
Consider the following subset of X:
C = [(0,0), (1,0)]∪
{
(cos t, sin t): t ∈
[
0,
π
6
]
∪
[
π
3
,
π
2
]}
∪ {(a, b): a2 + b2 > 1}.
The set C is closed in X, clearly is not (0,0)-V -connected, but is (0,0)-boundedly connected.
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proximinal if for every x ∈ X there exists y ∈ M such that d(x,M) = d(x, y). We will also use
another notion: a closed subset C ⊂ X is said to be boundedly compact if its intersection with
every closed ball is compact; equivalently, if every closed and bounded subset of C is compact.
If C is boundedly compact, then every closed subset E of C is proximinal; indeed, the map
d(x, ·) :y ∈ E → d(x, y) ∈ R having all of its lower level sets {y ∈ E: d(x, y)  λ} (λ ∈ R)
compact attains its infimum d(x,E) = min{d(x, y): y ∈ E}.
Now we give a partial converse of Proposition 8.
Proposition 10. Let X be a metric space, C ⊂ X be a closed set and x ∈ X. If C is x-boundedly
connected and every closed subset of C is proximinal (in particular, if C is boundedly compact)
then C is x-V -connected.
Proof. Let ε > 0 and set B = B(x, ε). Let R0 and S0 be two nonempty closed subsets of C ∩ B
such that R0 ∪ S0 = C ∩ B . Let
R = {y ∈ C: d(y,R0) d(y,S0)} and S = {y ∈ C: d(y,S0) d(y,R0)}.
Clearly, R and S are closed and their union is C. Moreover, R ∩ B = R0 and S ∩ B = S0.
Indeed, to see the first equality (the proof of the second one is identical) observe first that the
inclusion R0 ⊂ R ∩ B is obvious. If it were strict, for y ∈ (R ∩ B)\R0 we would have y ∈ S0
(by R ∩ B ⊂ C ∩ B = R0 ∪ S0), so that, as y ∈ R, we would obtain d(y,R0)  d(y,S0) = 0,
a contradiction with y /∈ R0. Given that
d(x,R ∩ S) = max{d(x,R), d(x,S)} {d(x,R0), d(x,S0)} ε
and that R ∩ S is proximinal, there exists z ∈ R ∩ S such that d(x, z)  ε; hence we have
z ∈ R ∩ S ∩ B = R0 ∩ S0, so that R0 ∩ S0 is nonempty, thus proving that C ∩ B is connected.
Therefore C is x-V -connected. 
Example 9 shows that the converse statement in the preceding proposition does not hold true
without the assumption that the closed subsets of C are proximinal. However, the existence of
nonproximinal closed convex sets in the nonreflexive Banach spaces (see [12, Theorem 2.14] or
[7, p. 436]) shows that a closed x-V -connected set does not need to be proximinal.
4. In normed spaces
Throughout this section X denotes a normed space and BX its closed unit ball.
The following notion was introduced in [14]:
Definition 11. A set C ⊂ X is said to be P -connected if for every x ∈ X the set PC(x) = {y ∈ C:
d(x, y) = infz∈C d(x, z)} is nonempty and connected.
It immediately follows from the definitions that if C is x-V -connected then PC(x) is
connected. Hence, every V -connected proximinal set is P -connected. Conversely, accord-
ing to [14, Theorem 4.2], in a uniformly convex Banach space X each P -connected set is
V -connected (in particular, every Chebyshev set is V -connected). In general normed linear
spaces, a P -connected set the metric projection onto which is lower or upper semicontinuous
is V -connected [8, Theorem 4]. Moreover, a proximinal set C in a Banach space X possessing
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∅ = ψ(x) ⊂ PC(x) for every x ∈ X) is V -connected [13, Theorem 1.1].
Clearly, every convex subset C ⊂ X is a V -connected set, hence is boundedly connected,
but a V -connected set does not need to be a convex set (for example, a circumference in R2).
Consequently, in view of Corollary 6 we obtain
Corollary 12. [6, Theorem 1] Let X be a normed space and C ⊂ X be a closed convex set. Then
C is boundedly connected, that is, if R,S ⊂ C are closed subsets with C = R ∪ S, then
d(x,R ∩ S) = max{d(x,R), d(x,S)}
for every x ∈ X.
We now consider the metric space bc(X) of all nonempty bounded and closed subsets of X,
endowed with the Hausdorff metric h. Recall that the Hausdorff distance between two nonempty
bounded subsets M and N of X is defined by
h(M,N) = inf{ε > 0: M ⊂ N + εBX and N ⊂ M + εBX}.
Let us also recall some concepts defined in [6]. Given ∅ = M,N ⊂ X, the pseudo natural segment
with endpoints M and N is
[[M,N ]] = {λM + (1 − λ)N : 0 λ 1}.
A class T of nonempty subsets of X is said to be pseudo naturally convex if, for every M,N ∈ T ,
the pseudo natural segment [[M,N ]] is contained in T .
Combining [6, Theorem 4] with Theorem 5 one obtains the next proposition. We include a
new direct proof of this result, which, instead of using [6, Theorem 4], relies upon some other
more elementary properties that were proved in [6]. As an immediate corollary, [6, Theorem 4]
will follow.
Proposition 13. Let X be a normed space. If the class T ⊂ bc(X) is pseudo naturally convex
and Z ∈ bc(X) is a convex set, then T is Z-V -connected, hence Z-boundedly connected.
Proof. Let ε > 0 and set B = B(Z, ε). Let M,N ∈ T ∩B. For every 0 λ 1 we write
P(λ) = λM + (1 − λ)N ∈ [[M,N ]].
Since T is pseudo naturally convex, we have that P(λ) ∈ T . Moreover
h
(
Z,P (λ)
)= h(λZ + (1 − λ)Z,λM + (1 − λ)N) λh(Z,M) + (1 − λ)h(Z,N) ε,
hence P(λ) ∈ B, that is P(λ) ∈ T ∩B. Since [[M,N ]] is connected [6, Proposition 3] and T ∩B
is the union of the pseudo segments [[M,N ]] with M ∈ T ∩B fixed and N ∈ T ∩B, we finally
obtain that T ∩B is connected. 
Corollary 14. [6, Theorem 4] Let X be a normed space. If R,S ⊂ bc(X) are closed with R∪ S
pseudo naturally convex, then, for every convex Z ∈ bc(X),
h(Z,R∩ S) = max{h(Z,R), h(Z,S)}.
Finally, we can consider the subspace bcx(X) = {M ∈ bc(X): M convex} of bc(X). Then we
obtain the following result.
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boundedly connected.
Corollary 16. [6, Theorem 3] Let X be a normed space. If R,S ⊂ bcx(X) are closed with R∪S
pseudo naturally convex, then, for every Z ∈ bcx(X),
h(Z,R∩ S) = max{h(Z,R), h(Z,S)}.
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